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Abstract

We show the condition under which the likelihood of a given set of structural param-

eters computed by the inversion filter (Fair and Taylor, 1983; Guerrieri and Iacoviello,

2017) is equivalent to the likelihood computed by the standard Kalman filter. This

condition, however, does not hold when the number of observation variables is large

in a medium-scale DSGE model. The difference of likelihoods also results in different

estimates of structural parameters in DSGE models by using each of these filters.
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1 Introduction

Estimating nonlinear dynamic stochastic general equilibrium models (DSGE) has been even

more important than ever after the 2007-8 global financial crisis and also in the recent

COVID-19 crisis, as non-linearities in the economy play an important role in these crises.

Several papers have developed methods to estimate non-linear DSGE models (Aruoba et al.,

2017; Gust et al., 2017; Plante et al., 2018). However, estimating more empirically relevant

models, such as medium-scale New Keynesian DSGE models as in Smets and Wouters (2007),

is usually difficult and time-consuming when such non-linearities are explicitly considered in

the model. Among others, Guerrieri and Iacoviello (2017) developed a promising method to

estimate piecewise-linear DSGE models with occasionally binding constraints by using an

inversion filter (Fair and Taylor, 1983). The method can solve such models and evaluate the

likelihood of a given set of parameters with less computation time. Therefore, the method

can also estimate structural parameters in non-linear DSGE models with these constraints.

In this note, we will show the condition under which there is the equivalence of the

inversion filter and the standard Kalman filter in terms of the likelihood of a given set of

parameters in linear Gaussian DSGE models. If this condition is nearly satisfied, which is

true in small- and medium-scale DSGE models with three observation variables, the inversion

filter may provide a reliable estimate of the likelihood and can be very useful to estimate

DSGE models even when considering non-linearities as shown in Atkinson et al. (2020);

Cuba-Borda et al. (2019). We will demonstrate, however, this condition is not satisfied in

a medium-scale DSGE model with five observation variables as in Gust et al. (2017). The

likelihood computed by the inversion filter can be different from the likelihood computed by

the standard Kalman filter even in linear Gaussian DSGE models. If this is the case, we

need a better filtering method such as particle filters.

First we claim that the difference of likelihoods between the inversion filter and the

Kalman filter stems from the variance-covariance matrix P of state variables. In particular,

we prove that, if the P matrix in the Kalman filter is a zero matrix and the Kalman gain

is constant, the likelihoods calculated by the two filtering methods are exactly the same.

Otherwise, the likelihoods can be different to the extent how the Kalman gain influences

estimates of state variables. Then we conduct Monte Carlo exercises to demonstrate that

this can be an issue especially in estimating medium-scale DSGE models. The difference of

likelihoods of a given set of parameters can lead to different estimates of the parameters.1

1Hirose and Sunakawa (2023) confirmed that the two filtering methods yield similar estimation results in
a small-scale New Keynesian model with sticky wages using four observation variables (output gap, inflation,
the policy rate, and hours worked).
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Related Literature Gust et al. (2017) estimated a medium-scale nonlinear model with

the ZLB constraint using a projection method and a particle filter to compute the likelihood.

The particle filter may provide the most reliable estimation in nonlinear models, although

it is very time-consuming and requires the use of supercomputers.2 Hence, some alternative

methods are developed to estimate models with occasionally binding constraints. These

methods are potentially promising as they are less time-consuming and can estimate models

with laptop computers.

Guerrieri and Iacoviello (2017) first proposed an estimation method using Occbin, a

method to solve piecewise-linear models developed by Guerrieri and Iacoviello (2015), and

the inversion filter to compute the likelihood. They estimated a medium-scale DSGE model

with two occasionally binding constraints, the ZLB constraint and collateral constraint on

borrowing, and showed that the both constraints are important to explain the business cycles

after the financial crisis.

The most relevant paper to ours is Atkinson et al. (2020), which used a medium-scale

nonlinear model with an occasionally binding ZLB constraint as the data generating process

(DGP) to discuss usefulness of different filtering methods. Specifically, they solved the model

by a projection method and generated a large sample of datasets from the DGP. Then, using

such artificial datasets, they estimated the model using three different methods: The first

method (NL-PF) solves a fully nonlinear model by a projection method and estimates the

model by a particle filter. This method is the most time consuming but may provide the

most reliable estimation. The second method (OB-IF) solves a piecewise linear model by

Occbin and estimates the model by an inversion filter. The third method (Lin-KF) solves a

linearized model ignoring the ZLB and estimates the model by the standard Kalman filter.

Then they evaluated these three methods by looking at if estimated parameters are close

enough to their true values of the DGP. They found that the estimated parameters by NL-

PF and OB-IF are close to each other. This result implies that estimating the medium-scale

model by OB-IF is promising as estimating models by NL-PF is usually time consuming.

However, they did not estimate some parameters in the medium scale model directly, as they

use only three observation variables for the purpose of examining model misspecification.3

They did not use some data such as consumption, investment, hours worked or wages that

are usually used in estimating medium-scale DSGE models.

More recently, Boehl and Strobel (2022) and Giovannini et al. (2021) developed new

methods to estimate piecewise linear models with occationally binding constraints. However,

2Gust et al. (2017) suggested a way to parallelize a bootstrap particle filter with many cores of CPU.
3They also estimated a misspecified small-scale model and found that there is a bias due to the model

misspecification.
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to the best of our knowledge, there are no papers comparing the likelihood of a given set of

parameters computed by the inversion filter with the one computed by the standard Kalman

filter.4

The rest of the paper proceeds as follows. In Section 2, we prove that the conditional

equivalence result of likelihoods between the inversion filter and the Kalman filter. In Section

3, we conduct Monte Carlo exercises to show that such an equivalence does not hold especially

when the number of observation variables is five in a medium-scale DSGE model. We

concludes in Section 4. The details of the log-linearized model is found in Appendix.

2 Relationship between Inversion Filter and Kalman

Filter

2.1 Inversion Filter and Kalman Filter

Throughout the paper, we consider the following linear system of equations.

yt = A+Bst + ut, ut ∼ N(0, H)

st = Φst−1 +Ret, et ∼ N (0, Se)

for t = 1, . . . , T . In the above system, yt is an (l× 1) vector of observable variables, st is an

(n× 1) vector of state variables, et is an (m× 1) vector of exogenous structural shocks, and

ut is an (l×1) vector of exogenous measurement errors. The first equation is the observation

equation, which links the observation variables to the state variables. The second equation

is the state equation, which can be obtained by solving the rational expectation equilibrium

of a (log-)linearized DSGE model. We assume H = 0 and thus ut = 0 for all t > 0 in this

section.

In applying the inversion filter by Guerrieri and Iacoviello (2017), taking the initial state

variables s0 as given, we solve

yt = A+BΦst−1 +BRet

for et = (BR)−1 (yt − (A+BΦst−1)), where we assume l = m and BR is invertible. Then

4Herbst and Schorfheide (2015) does such a comparison between the particle filter and the Kalman
filter and concludes that the likelihood computed by a particle filter can be very similar to the likelihood
computed by the Kalman filter even in the medium-scale DSGE model of Smets and Wouters (2007) with
seven observed variables.
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we have

st = Φst−1 +R(BR)−1 (yt − (A+BΦst−1)) . (1)

That is, taking (yt, st−1) as given, we can solve for et and thus compute the exact values of

st for t = 1, . . . , T .

In applying the standard Kalman filter, taking the initial values of the mean and variance

of state variables, s0|0 and P0|0, as given, we compute

st|t−1 = Φst−1|t−1,

Pt|t−1 = ΦPt−1|t−1Φ
′ +RSeR

′

for t = 1, . . . , T , where st|t−1 = E (st | y1, . . . , yt−1) and Pt|t−1 = E (Pt | y1, . . . , yt−1) are

conditional forecasts of st and Pt, taking the information set up to period t−1, (y1, . . . , yt−1),

as given. Then we update these forecasts using the information newly available at period t,

yt:

st|t = st|t−1 +Ktνt (2)

Pt|t = Pt|t−1 +KtBPt|t−1

where

νt = yt − A−Bst|t−1

is a vector of ex-ante measurement errors, which is not necessarily equal to zero as we do

not know the exact values of st, and

Ft|t−1 = BPt|t−1B
′

is the variance and covariance matrix of νt and can be used to compute the Kalman gain,

Kt = Pt|t−1BF−1
t|t−1.

2.2 Conditional equivalence of Inversion filter and Kalman filter

Proposition 1 If P0|0 in the Kalman filter is the zero matrix, then the Kalman filter and

the inversion filter are equivalent.
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Proof.Note that, if P0|0 = 0, we have

P1|0 = RSeR
′

K1 = P1|0B
(
BPt|t−1B

′)−1

= RSeR
′B (BRSeR

′B′)
−1

= R(BR)−1

P1|1 = P1|0 +K1|0BP1|0

= RSeR
′ +R(BR)−1BRSeR

′

= 0

Therefore, we recursively have

Pt|t−1 = RSeR
′

Kt = K = R(BR)−1

Pt|t = 0

for t = 1, . . . , T . Then (2) can be written as

st|t = st|t−1 +Ktνt

= Φst−1|t−1 +R(BR)−1
(
yt − A−BΦst−1|t−1

)
This is equivalent to (1) as st|t = st holds when there is no uncertainty of st in the Kalman

filter, i.e., Pt|t = 0.

This result also implies that, when the variance-covariance matrix Pt|t is close to the zero

matrix, the Kalman gain Kt is close to a constant K and the sequence of filtered variables

st|t by the Kalman filter is similar to the sequence of st of calculated by the inversion filter.

Likelihood The likelihood computed by the Kalman filter is given by

L = −nT

2
ln 2π − 1

2

∑
ln
∣∣Ft|t−1

∣∣− 1

2

∑
ν ′
tF

−1
t|t−1νt (3)

If P0|0 = 0, we have

Ft|t−1 = BPt|t−1B
′

= BRSeR
′B′
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and using et = (BR)−1 (yt − (A+BΦst−1)) = (BR)−1νt, we have

ν ′
tF

−1
t|t−1νt = e′t(BR)′ (BRSeR

′B′)
−1

BRet

= e′tS
−1
e et

Substituting these equations into (3), we have

L = −nT

2
ln 2π − 1

2

T∑
t=1

ln |BRSeR
′B′| − 1

2

T∑
t=1

e′tS
−1
e et

= −nT

2
ln 2π − 1

2

T∑
t=1

e′tS
−1
e et −

1

2

T∑
t=1

(ln |BR|+ ln |Se|+ ln |R′B′|)

= −nT

2
ln 2π − 1

2

T∑
t=1

e′tS
−1
e et −

T

2
ln |Se| −

T∑
t=1

ln |BR|

This is the formula for the likelihood function by the inversion filter, which is shown in

Guerrieri and Iacoviello (2017), up to a constant.5

3 Monte Carlo exercises

In the previous section, we showed the condition under which the inversion filter is equivalent

to the standard Kalman filter in terms of filtered variables and likelihoods. In this section, we

show that the inversion filter and the Kalman filter yield very different values of the likelihood

when the number of observable variables is five in a medium-scale New Keynesian DSGE

model studied by Gust et al. (2017) and Atkinson et al. (2020). This difference results in

very different posterior distributions inferred by a Bayesian method with each of these filters.

However, the difference of likelihoods is negligible when the number of observable variables

is three, and therefore the posterior distributions are very similar, which is consistent with

the finding by Atkinson et al. (2020).

In conducting our Monte Carlo exercise, we do the following procedure: First we estimate

the posterior distribution of parameters by a Bayesian method with the standard Kalman

filter using actual data. Then we use the mean of the posterior distribution for the DGP

to generate a set of simulated data. We estimate the posterior distribution with each of the

Kalman filter and the inversion filter using the simulated data. We are particularly interested

in whether the posterior means estimated with each of the filters using the simulated data

recovers the true parameter values of the DGP (i.e., the posterior means estimated using the

5See Equation (25) on p. 36 in Guerrieri and Iacoviello (2017).
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actual data) or not.

3.1 Data generating process

To obtain the parameter values of the DGP, we estimate a log-linearized medium-scale New

Keynesian model. The details of the log-linearized model is in Appendix. In estimating the

model, we use five time series of quarterly U.S. data, output growth, consumption growth,

investment growth, inflation, and the interest rate, as in Gust et al. (2017). The sample

period is from 1983:1 to 2007:4.6

We estimate the model by a random-walk Metropolis-Hastings (RWMH) algorithm to

sample from the posterior distribution of parameters as a Markov chain. In doing so, we

calculate the likelihood of a set of parameters at each draw using the standard Kalman filter.

Following Gust et al. (2017), for each of the observation variables, we set the variance of

its measurement error to 25 percent of its total variance over the sample period. Note that

we set the measurement errors to zero in Monte Carlo exercises. Our results are robust to

setting the measurement errors to zero in estimating the DGP.7

Table 1 shows the prior distribution and the posterior distribution estimated with actual

data. The choice of estimated parameters and their prior distributions basically follows Gust

et al. (2017). As a whole, the posterior distribution is in line with those estimated in Gust

et al. (2017) with their linearized model. The mean of the posterior distribution is used as

the parameter values for the DGP in Monte Carlo exercises as explained next.

6While the sample period in Gust et al. (2017) is until 2014:1, we limit our sample to the non-ZLB period
as the model does not explicitly take the ZLB constraint into account.

7Note that we use only five observation variables in the present paper. The non-equivalence result with
five observation variables presented here holds with more observation variables as in standard medium-scale
models such as Smets and Wouters (2007) among others.
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Prior Distribution Posterior Distribution

Type Mean Std Mean 90% CI

100ztr N 0.500 0.030 0.517 0.473 0.561
100πtr N 0.620 0.100 0.621 0.531 0.719
100r̄ G 0.250 0.100 0.187 0.092 0.277
h B 0.600 0.100 0.629 0.552 0.712
σv G 5.000 1.000 4.964 3.274 6.451
φp N 100.000 25.000 105.859 68.882 144.163
φw N 3000.000 5000.000 4697.919 1084.389 8643.029
α N 0.300 0.050 0.243 0.205 0.278
ρi B 0.600 0.200 0.798 0.747 0.849
ϕy N 0.400 0.300 0.963 0.671 1.276
ϕπ N 1.700 0.300 2.090 1.670 2.504
η G 2.000 0.750 1.941 0.797 2.970
ν G 4.000 1.000 4.369 2.728 5.952
1− ap B 0.500 0.150 0.594 0.359 0.824
1− aw B 0.500 0.150 0.414 0.207 0.617
ρg B 0.600 0.200 0.606 0.294 0.934
ρµ B 0.600 0.200 0.591 0.409 0.777
ρs B 0.600 0.200 0.876 0.812 0.936

100σg IG 0.585 Inf 0.301 0.142 0.450
100σi IG 0.585 Inf 0.169 0.127 0.207
100σm IG 0.585 Inf 3.975 2.091 5.898
100σs IG 0.585 Inf 0.201 0.126 0.277
100σz IG 0.585 Inf 0.587 0.397 0.767

Table 1. Estimation with the U.S. data from 1983:1 to 2007:1

Notes: N stands for the normal distribution, B stands for the Beta distribution, G stands for the

Gamma distribution, and IG stands for the Inverse Gamma distribution. CI stands for the

credible interval.
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3.2 Five observation variables

Having the parameter values of the DGP at hand, now we are ready to conduct our Monte

Carlo exercises, which consist of (i) generating simulated datasets by the DGP and (ii)

estimating the model with each set of simulated data by a Bayesian method.

Simulation: We use 50 sets of simulated data for Monte Carlo exercise. For each set

of simulated data, We generate 350 periods of simulated data: The initial 100 periods are

discarded and we set 50 training periods to eliminate the effect of initial values of the state

variables. Therefore, the likelihood we compute is based on 200 periods for each dataset.

Estimation: Then we estimate the model with each set of simulated data. We use the

prior distribution in Table 1, which is the same as the one we use to estimate the DGP. We

compute the likelihood of a given set of parameters by either the standard Kalman filter or

the inversion filter. We estimate the model parameters by the standard Bayesian method as

we do for estimating the DGP, except that we set the measurement errors to zero and we do

not estimate (ztr, πtr, r̄) but set their values to the true values of the DGP.8

Comparing likelihoods Before proceeding to the estimation result, we show the likeli-

hoods computed by each of the Kalman filter and the inversion filter. Figure 1 shows the

sequence of likelihood increments by the Kalman filter and that by the inversion filter with

a set of simulated data. The left panel is for likelihood increments at each period (includ-

ing the 50 training periods) of the posterior mean, whereas the right panel is for likelihood

increments of the posterior mode. We see that the likelihoods are very different especially

at the posterior mean.9 The sum of likelihood increments (excluding the first 50 training

periods) is −200.87 by the Kalman filter, whereas it is 555.28 by the inversion filter. The

likelihoods are somewhat closer at the posterior mode. The sum of likelihood increments is

−148.30 by the Kalman filter, whereas it is −201.85 by the inversion filter.

This result is due to the proposition in Section 2. The likelihood computed by the

8For the Kalman filter, we follow the standard procedure in Dynare. That is, we compute the Hessian
at the mode and its inverse is used for the variance-covariance matrix of the proposal distribution. We run
the RWMH algorithm with 50,000 draws from the posterior distribution, with the first 25,000 draws being
burned off.
In contrast, we follow the following procedure of three stages for the inversion filter as in Atkinson et al.

(2020). First, we search for the mode to create an initial variance-covariance matrix for the estimated
parameters. The variance-covariance matrix is based on the parameters corresponding to the 90th percentile
of the likelihoods from 1,000 draws. We follow this procedure as the objective function is not always
differentiable and therefore it is difficult to compute the Hessian at the mode with the inversion filter.
Second, we run the RWMH algorithm with 5,000 draws. The first 2,500 draws are burned off and the
remaining draws of parameters are used to update the variance-covariance matrix from the mode search.
Third, we conduct a final run of the RWMH algorithm with 50,000 draws, with the first 25,000 draws being
burned off.

9The posterior distribution is based on the Bayesian inference with the inversion filter. [check]
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Kalman filter is influenced by the variance-covariance matrix of state variables through the

Kalman gain, whereas there is no such an adjustment in calculating the likelihood by the

inversion filter. Note that such differences are mitigated when likelihoods are computed at

the posterior mode. This is perhaps because the model misspecification is minimized at the

mode and there is less uncertainty in inference of state variables in the Kalman filter. That

is, the variance-covariance matrix P is closer to the zero matrix.
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Figure 1. Likelihood increments: Five variables

Posterior distribution Table 2 shows the posterior distribution of the model parameters

estimated by each of the standard Kalman filter and the inversion filter. The estimation

result is the average of the posterior distributions with 50 simulation datasets. We have two

results worth mentioning.

First, we see that the standard Kalman filter can replicate the DGP. The mean of the

posterior distribution with the Kalman filter almost coincides with the true parameter val-

ues of the DGP. Second, the mean of the posterior distribution with the inversion filter is

considerably different from the DGP. Even the 90% confidence interval of the posterior distri-

bution also does not include the DGP for some parameters (φp, φw, α, ϕi, ϕy, ϕπ, ν, ρg, ρµ, σm).

Again, this difference comes from the fact that the likelihoods computed by each of the filters

are different with a given set of parameters.

[We evaluate the difference of the parameter values by some methods. See ART.]

3.3 Three observation variables

Next, we conduct the same Monte Carlo exercise with three observation variables, output

growth, inflation, and the interest rate, as in Atkinson et al. (2020). In simulation, we use

the same parameter values for the DGP as in the case of five observation variables, while
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Kalman Filter Inversion Filter

DGP Mean 90% CI Mean 90% CI

h 0.629 0.613 0.570 0.655 0.611 0.571 0.648
σv 4.964 5.040 3.505 6.495 3.969 2.808 5.368
φp 105.859 105.116 76.437 133.756 83.703 69.991 98.423
φw 4697.919 4608.249 2590.438 6637.061 2834.703 2193.325 3390.309
α 0.243 0.242 0.237 0.247 0.224 0.217 0.231
ϕi 0.798 0.763 0.726 0.799 0.729 0.693 0.761
ϕy 0.963 0.876 0.673 1.075 0.548 0.486 0.599
ϕπ 2.090 1.920 1.613 2.213 1.760 1.591 1.927
η 1.941 2.083 1.059 3.115 2.225 1.580 2.921
ν 4.369 4.203 3.015 5.352 2.418 2.040 2.804
1− ap 0.594 0.568 0.498 0.640 0.605 0.539 0.676
1− aw 0.414 0.404 0.315 0.494 0.440 0.362 0.510
ρg 0.606 0.594 0.474 0.711 0.991 0.985 0.997
ρµ 0.591 0.575 0.504 0.646 0.708 0.656 0.761
ρs 0.876 0.855 0.822 0.889 0.850 0.813 0.881
100σg 0.301 0.303 0.273 0.331 0.321 0.294 0.352
100σi 0.169 0.171 0.154 0.188 0.168 0.155 0.183
100σm 3.975 3.924 2.904 4.913 2.125 1.821 2.406
100σs 0.201 0.201 0.154 0.248 0.249 0.205 0.325
100σz 0.587 0.564 0.500 0.628 0.569 0.517 0.626

Table 2. Posterior distribution: Five variables
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we set standard deviations of the government spending shock and the marginal efficiency

of investment (MEI) shock, σg and σm, to zero. We estimate a smaller set of parameters

{h, φp, ρi, ϕy, ϕπ, ρs, σi, σs, σz}. The prior distributions for these parameters are the same as

before. In estimation, the other parameters that are not estimated are fixed at the true

parameter values of the DGP.

Figure 2 shows the likelihoods by each of the filters with a set of simulated data as before.

In this case of three observation variables, the likelihoods are almost indistinguishable. The

sum of likelihood increments at the posterior mean is −330.26 by the Kalman filter, whereas

it is −330.22 by the inversion filter. The sum of likelihood increments at the posterior mode

is −332.91 by the Kalman filter, whereas it is −333.09 by the inversion filter. As a result, the

posterior distributions displayed in Table 3 are also very similar to each other. The mean of

the posterior distributions by each of the filters mostly replicate the true parameter values of

the DGP. The only exception is found in estimates of ϕy in this case. The 90% CI estimated

with the Kalman filter [0.499, 1.014] covers the true parameter value 0.963, whereas that

estimated with the inversion filter [0.516, 0.933] does not. This result is in line with the one

in Atkinson et al. (2020).
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Figure 2. Likelihood increments: Three variables

small-scale model Further, we also conduct the Monte Carlo exercise with a small-scale

model with three observation variables. The medium-scale model nests the small-scale model

here by setting α = 0, φw = 0, and θw → ∞, as in Atkinson et al. (2020). For the common

parameters with the medium-scale model, we use the same parameter values of the DGP for

simulation and the same prior distribution for estimation as in the case of three observation

variables.

Figure 3 shows the likelihoods and Table 4 displays the posterior distributions by each of

the filters. The equivalence result with three variables in the medium-scale model also holds
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KF IF

DGP Mean 90% CI Mean 90% CI

h 0.629 0.674 0.586 0.762 0.677 0.592 0.762
φp 105.859 92.900 65.082 120.660 94.231 70.823 120.259
ϕi 0.798 0.780 0.742 0.820 0.777 0.740 0.812
ϕy 0.963 0.760 0.499 1.014 0.722 0.516 0.933
ϕπ 2.090 1.890 1.571 2.206 1.868 1.568 2.189
ρs 0.876 0.848 0.798 0.899 0.853 0.805 0.896
100σi 0.169 0.165 0.150 0.180 0.210 0.152 0.276
100σs 0.201 0.244 0.155 0.334 0.310 0.182 0.477
100σz 0.587 0.555 0.479 0.629 0.519 0.425 0.637

Table 3. Posterior distribution: Three variables

in the small-scale model. The sum of likelihood increments at the posterior mean is -159.38

by the Kalman filter, whereas it is -159.37 by the inversion filter. The sum of likelihood

increments at the posterior mode is -162.05 by the Kalman filter, whereas it is -163.17 by

the inversion filter. In this case, however, the 90% CI estimated with neither the Kalman

filter nor the invertion filter covers the true parameter value of ϕy.
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Figure 3. Likelihood increments: Three variables in a small-scale model

4 Conclusion

In this note, we demonstrated that, if the variance-covariance matrix of state variables is a

zero matrix, the likelihood computed by the inversion filter of Guerrieri and Iacoviello (2017)

is exactly the same as the one computed by the standard Kalman filter. Such an equivalence

result, however, does not hold when the number of observation variables is large. We showed
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KF IF

DGP Mean 90% CI Mean 90% CI

h 0.629 0.672 0.611 0.737 0.665 0.600 0.726
φp 105.859 98.507 72.527 124.357 93.178 69.267 119.777
ϕi 0.798 0.785 0.748 0.822 0.776 0.739 0.810
ϕy 0.963 0.659 0.389 0.931 0.587 0.355 0.828
ϕπ 2.090 1.908 1.605 2.205 1.863 1.628 2.113
ρs 0.876 0.837 0.779 0.895 0.836 0.778 0.890
100σi 0.169 0.165 0.150 0.180 0.168 0.153 0.183
100σs 0.201 0.249 0.162 0.331 0.239 0.170 0.329
100σz 0.587 0.588 0.521 0.653 0.591 0.526 0.661

Table 4. Posterior distribution: Three variables in a small-scale model

that this is typically the case in estimating a medium-scale DSGE model used in Gust et al.

(2017). Our results cast doubt on using the inversion filter especially for larger models with

many observation variables.
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Appendix A Log-linearized model

r̂kt = σν ν̂t

ŷt = α
(
ν̂t + k̂t−1 − ẑt

)
+ (1− α) n̂t

ût = rkν̂t

r̂kt = m̂ct + ŷt + ẑt − νt − k̂t−1

ŵt = m̂ct + ŷt − n̂t

ŵg
t = π̂t + ŵt + ẑt − π̂w

t − ŵt−1

ŷgdpt = ŷt − kyz̄
−1ût

ŷgt = ŷgdpt − ŷgdpt−1 + ẑt

ît = ρîit−1 + (1− ρi) (ϕππ̂t + ϕyŷ
g
t ) + σiεi,t(

1− hz̄−1
) (

1− βhz̄−1
)
λ̂t = −

(
ĉt − hz̄−1 (ĉt−1 − ẑt)

)
+ βhz̄−1

(
ĉt+1 − ẑt+1 − hz̄−1ĉt

)
ŵf

t = ηn̂t + λ̂t

cy ĉt + xyx̂t + gyĝt = ŷgdpt

x̂g
t = x̂t − x̂t−1 − ẑt

k̂t = (1− δ)z̄−1
(
k̂t−1 − ẑt

)
+
(
1− (1− δ)z̄−1

)
(µ̂t + x̂t)

λ̂t − Etλ̂t+1 + ŝt + ît − Etπ̂t+1 − Etẑt+1 = 0

q̂t = λ̂t − Etλ̂t+1 − Etẑt+1 + βz̄−1
(
(β−1z̄ − (1− δ))Etr̂

k
t+1 + (1− δ)Etq̂t+1

)
νx̂g

t = q̂t + µ̂t + βz̄−1νEtx̂
g
t+1

π̂t − π̂p
t = β

(
Etπ̂t+1 − Etπ̂

p
t+1

)
+ φ−1

p (θp − 1) m̂ct

ŵg
t = βEtŵ

g
t+1 + φ−1

w (θw − 1)ω
(
ŵf

t − ŵt

)
ẑt = σzεz,t

ŝt = ρsŝt−1 + σsεs,t

ĝt = ρgĝt−1 + σgεg,t

µ̂t = ρmµ̂t−1 + σmεm,t

π̂p
t = (1− ap) π̂t−1

π̂w
t = (1− aw) (π̂t−1 + ẑt)

Variables: ĉt, n̂t, x̂t, k̂t, ŷ
gdp
t , ŷt, ût, ν̂t, ŵ

g
t , x̂

g
t , ŷ

g
t , ŵt, ŵ

f
t , r̂

k
t , π̂t, ît, q̂t, m̂ct, λ̂t, ẑt, ŝt, ĝt, µ̂t, π̂

p
t , π̂

w
t

Shocks: εz,t, εs,t, εi,t, εg,t, εm,t

Calibrated parameters: We calibrate δ = 0.025, gy = 0.2, θp = 6, θw = 6, χ = 1 following
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Gust et al. (2017). We also set r̄ = 0.1870, ztr = 0.5168, πtr = 0.6211 at the true parameter

values of DGP for Monte Carlo exercises.

Steady state: Steady state values z̄, ky, cy, xy, gy, ω = w̄n̄λ̄ in the log-linearized equilib-

rium conditions are computed by the following equations:

β =
(
1 +

r̄

100

)−1

z̄ = 1 +
ztr

100

π̄ = 1 +
πtr

100

ī = β−1z̄π̄

rk = β−1z̄ − (1− δ)

mc = θ−1
p (θp − 1)

ky = αmcz/rk

xy = ky

cy = 1− xy − gy

λy =
1− βhz̄−1

cy(1− hz̄−1)

ny = (kyz̄
−1)

α
α−1

w̄ = (1− α)mcny

ḡ = (1− gy)

w̄f = θ−1
p (θp − 1)w̄

ȳ = (χ−1wfλyny)
1

1+η

ω = w̄n̄λ̄ = w̄nyλ
y

where ky = k̄/ȳ, xy = x̄/ȳ, cy = c̄/ȳ, λy = λ̄ȳ, ny = n̄/ȳ. The variables with bars denote

steady state values. The notations are made consistent with the ones in Atkinson et al.

(2020) as much as possible.

We have two additional shocks, the government spending shock ĝt and the MEI shock µ̂t,

to the original model specification by Atkinson et al. (2020) as we estimate the model with

five observation variables. When we estimate the model with three observation variables, we

drop these shocks. We also have internal habit, price indexation, and wage indexation on

top of the original specification. Regarding the slope of wage New Keynesian Phillips curve

(WNKPC), we adapt the specification by Gust et al. (2017), whereas the slope of WNKPC

18



is given by ω̃ = w̄n̄/ȳ in Atkinson et al. (2020)10. We log-linearize the original nonlinear

equations, while Atkinson et al. (2020) linearize these equations.

The model is also very similar to the one used in Gust et al. (2017). Gust et al. (2017)

has the output gap instead of the output growth in a Taylor-type monetary policy rule.

The observation variables, ŷobst , ĉobst , x̂obs
t , π̂obs

t , îobst are linked to the state variables of the

model via the observation equation as follows.

ŷobst = ztr + ŷt − ŷt−1 + ẑt

ĉobst = ztr + ĉt − ĉt−1 + ẑt

x̂obs
t = ztr + x̂t − x̂t−1 + ẑt

π̂obs
t = πtr + π̂t

îobst = ztr + πtr + r + ît

10The difference is minor, however, as ω/ω̃ = λ̄ȳ ≈ 1 holds.
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